Abstract. In this paper, we investigate quantum ergodicity in negatively curved manifolds. We consider the symbols depending on a semiclassical parameter h with support shrinking down to a point as h → 0. The rate of shrinking is a power of | log h|. This extends the asymptotic equidistribution of quantum ergodic eigenfunctions to a logarithmical scale.
∞
j=1 as an orthonormal basis of eigenfunctions (ONBE) of ∆ with eigenvalues λ 2 j , i.e. ∆u j = λ 2 j u j . The quantum ergodic theorem ofŠnirel'man-Colin de Verdière-Zelditch [Sn, CdV, Ze1] illustrates the correspondence between the classical system (geodesic flow on S * M) and the quantum system (ONBE) when G t is ergodic on S * M with respect to the Liouville measure µ 1 . Theorem 1.1 (Quantum ergodicity, high-energy version). Assume that G t is ergodic on S * M with respect to the Liouville measure µ 1 . Then
Op(a)u j , u j − µ 1 (a) = o a (1) as λ → ∞.
(1.1)
We call it the high-energy version since it is on the high-energy limit λ 2 → ∞. Here, • N(λ) = #{j : λ j ≤ λ} is the eigenfrequency counting function; Weyl's law yields that
where B * M = {(x, ξ) ∈ T * M : |ξ| x ≤ 1} is the coball bundle of M.
• ·, · is the inner product in L 2 (M) with respect to the Riemannian volume Vol = Vol g induced by the metric g:
• a ∈ C ∞ (T * M). Op(a) is the pseudodifferential operator with principal symbol a.
• µ 1 (a) is the space-average of a with respect to the Liouville measure µ 1 on S * M:
µ 1 (a) = 1 µ 1 (S * M) S * M a dµ 1 .
We leave a more detailed discussion of the above concepts in §2. If all the sectional curvatures of M are negative everywhere, we say that M is negatively curved. In a negatively curved manifold, it is well known that the geodesic flow G t is ergodic. (See e.g. Katok and Hasselblatt [KH] .) Moreover, G t is an Anosov flow and displays stronger properties than ergodicity, e.g. central limiting, strong-mixing, and exponentially decay of correlations, etc. (See §3 for more discussion.) In this case, one expects a more qualitative version of Theorem 1.1. Define the p-moment
Op(a)u j , u j − µ 1 (a) p for p > 0.
Zelditch [Ze2] explored Ratner [R] 's central limit theorem of G t to improve Theorem 1.1 in negatively curved manifolds to
See also Schubert [Sc] in a more general setting. Sarnak [Sa1] conjectured that in the negatively curved manifolds, S 1 (λ, a) = O a λ +ε j , which would imply that Op(a)u j , u j → µ 1 (a) as j → ∞.
( 1.3) This is the quantum unique ergodicity (QUE) conjecture; see [RS] . The statement is on the asymptotic behavior of the whole ONBE {u j } ∞ j=1 . However, it is very difficult to prove such result. QUE has only been verified in special cases when (M, g) is arithmetic, by Lindenstrauss [Lin] , Silbermann and Venkatesh [SV] , and Holowinsky and Soundararajan [HS] .
In the case when G t is only ergodic, Theorem 1.1 implies that (1.3) holds for almost all eigenfunctions in any ONBE. We define the density D of a subsequence J = {j k } ⊂ N as
When D = 0 (> 0 or = 1), we call such subsequence a zero (positive or full) density subsequence. The full density subsequence is also called density one subsequence. It follows from a very standard argument to extract a full density subsequence of {u j } for which (1.3) is true, using S p (λ, a) = o a (1) for some p > 0. See e.g. [Ze1, Lemma 3] .
Corollary 1.2. Assume that G t is ergodic on S * M with respect to the Liouville measure µ 1 . Given any ONBE {u j } ∞ j=1 , there exists a full density subsequence of eigenfunctions {u j k } ⊂ {u j } such that
Op(a)u j k , u j k → µ 1 (a) as k → ∞, for all a ∈ C ∞ (T * M). Then {u j k } is called a quantum ergodic subsequence of eigenfunctions.
This corollary hence states that the semiclassical measure defined by the full density subsequence {u j k } in T * M coincides with the Liouville measure µ 1 on S * M. It, however, does not exclude the possibility that there might exist a sparse subsequence of {u j } for which (1.3) is not valid. In fact, Hassell [H] provides an example that supports such a subsequence, that is, the generic Bunimovich stadia. This also verifies that classical ergodicity of G t can not imply QUE.
Let Ω ⊂ M be a Borel subset with measure-zero boundary. Then by Portmanteau theorem (c.f. [So, Theorem 6.2 .5]), we have
Therefore, for this quantum ergodic subsequence of eigenfunctions, the L 2 masses of {u j k } display equidistribution in M as k → ∞. (Theorem 1.1 actually concludes asymptotic equidistribution on S * M.) Here, the set Ω is fixed and we say that it is of scale O(1). In the classical-quantum correspondence, an eigenfunction u j represents a stable state of a freely moving particle in M, and the L 2 mass distribution of u j is interpreted as the probability density of finding a particle in M. Therefore, (1.4) indicates that for almost all stable states, the probability density tends to the normalized Riemannian volume dVol/Vol(M).
The L 2 distribution characterization of eigenfunctions has a lot of applications beyond its connection with quantum physics. In some applications, one is interested in the mass distribution in regions of smaller scales. For example, after the dilation u j (·) →ũ j (·) = u j (·/λ j ),ũ j is the solution of a classical elliptic equation in small balls of radii λ −1 j ; then the elliptic theory applies. This has been used in the nodal set estimates of eigenfunctions, see e.g. [DF] . However, in such a scale λ −1 j there is no fast oscillation, therefore no results on mass equidistribution can be expected. Hence, we ask the following question. Question 1.3 (Small scale mass equidistribution). Let ρ ∈ (0, 1). Is there an ONBE containing a full density quantum ergodic subsequence {u j k } such that
Here, B(x, r) is the geodesic ball centered at x ∈ M with radius r. This statement, if true, asserts that the quantum ergodic subsequence {u j k } is L 2 mass equidistributive in the scale λ −ρ j k . In this paper, we prove a weaker version of this result when r(λ j k ) = (log λ j k ) −α for some α > 0. That is, the two sides of (1.5) are comparable when the radius shrinks logarithmically depending on λ j k .
Remark.
(1) (1.5) is automatically true if ρ = 0 by (1.4).
(2) Clearly, (1.5) can not be true when ρ = 1. This is because a typical oscillation of u j k is of length λ
We focus on the negatively curved manifolds since more results on the dynamical properties of the geodesic flows are available in this case, particularly, Liverani [Liv] 's exponential decay of correlation. It is doubtful that (1.4) can be improved to smaller scales in a manifold with only ergodicity assumption on the geodesic flow.
(4) It is a natural question to ask whether the convergence in (1.5) is uniform for x ∈ M. Such uniform convergence is crucial for its application. Moreover, if (1.5) is uniform in the scale of r = r 1 (λ), then it is also uniform in the scale of r = r 2 (λ) for all r 2 such that r 1 = O(r 2 ). Our result in Corollary 1.7 says that the two sides are comparable uniformly for all x ∈ M.
It is convenient to work in the semiclassical setting. In this setting, the quantum ergodicity theorem is proved by Helffer, Martinez, and Robert [HMR] . Here, we state the result from [DG, Theorem 5] with a better energy localization, i.e. E j ∈ [1, 1 + h]. Theorem 1.4 (Quantum ergodicity, semiclassical version). Assume that G t is ergodic on S * M with respect to the Liouville measure µ 1 . Let {u j } ∞ j=1 be an ONBE of the quantized Laplacian, h 2 ∆. That is, h 2 ∆u j = E j u j . Then
where a ∈ C ∞ (T * M) and Op h (a) is the semiclassical pseudodifferential operator with principal symbol a.
One can choose λ 2 j = h −2 E j to recover the high-energy version quantum ergodicity in Theorem 1.1 and Corollary 1.2. With this easy connection between the two versions of quantum ergodicity, we see that Question 1.3 actually involves choosing a = χ B(x 0 ,r) in (1.6) with r = h ρ . But the smoothened version of such a function a would belong in nice symbol class only if ρ ∈ [0, 1/2), that is, S ρ (M) (see §2). So answering Question 1.3 for ρ ≥ 1/2 would be very challenging.
Even when ρ ∈ (0, 1/2) and one is tempted to consider general symbols in S ρ (M), there are symbols in this class that are not well-behaved, e.g. e ix/h ρ . In fact, our main of small scale quantum ergodicity concerns the asymptotic behavior of |u j | 2 dx (and its microlocal lift) around points. We investigate in this paper the symbols that can be built from nice functions. These symbols, however, will be sufficient to answer (a weaker version of) Question 1.3 in the corresponding shrinking rates. Denote a "base" function b ∈ C ∞ 0 (R n × R n−1 ). Then we define the δ-microlocalized symbols as follows.
* M, we say that a compactly supported smooth function a
x M, and φ ∈ C ∞ 0 (R) has small compact support and equals 1 near 0. Remark. Such a δ-microlocalized symbol is specifically designed for our purpose. First it has been is extended to a well-defined symbol in a neighborhood of S * M in T * M. Condition (ii) enables us to apply symbolic calculation of semiclassical pseudodifferential operators with symbols in δ(h) 1−2n S ρ (M) for some ρ ∈ [0, 1/2). We are free to choose the base function b in building a b z 0 (x, ξ; h). Considering δ-microlocalized symbols, our main theorem, the δ-quantum ergodicity theorem, states Theorem 1.5 (δ-quantum ergodicity). Let (M, g) be negatively curved. For
and 0 ≤ β < 1 − 2α(2n − 1), or α = 0 and β = 1,
uniformly for z 0 ∈ S * M, where C b depends on b and M, and a b z 0 is defined in (1.7). Remark. The case when α = 0 and β = 1 recovers (1.2) from [Ze2] .
To consider the mass equidistribution of eigenfunctions in small scales of M (instead of on S * M), we need to study the δ-localized symbols. Let the base function b ∈ C ∞ 0 (R n ) and φ ∈ C ∞ 0 (R) has small support and equals 1 around 0. Let δ(h) satisfy the conditions in the above definition of δ-microlocalized symbols. Then a symbol a(x, ξ; h)
x 0 is L 1 -normalized and has support shrinking to x 0 with rate δ(h) in each direction; while it stays constant 1 near each fiber in T * x M around S * x M. Similar to Theorem 1.5, we have the following theorem, with the shrinking rate of the symbols slightly better than the one in Theorem 1.5.
and all x 0 ∈ M,
(1.10) uniformly for x 0 ∈ S * M, where C b depends on b and M, and a b x 0 is defined in (1.9). Remark. In a recent preprint [HR] , Hezari and Rivière proved Theorem 1.6 for S p h, a b x 0 in all moments p ≥ 2 with the same δ(h) when b is a cutoff function. They then used it to study L p norm and nodal set estimates of the full density quantum ergodic subsequence of eigenfunctions. We refer to their paper for details.
Using Theorem 1.6, we show that Corollary 1.7. Let (M, g) be negatively curved. Assume that
uniformly for all x ∈ M, where the constants c and C depends only on M.
Outline and organization. We prove δ-quantum ergodicity in the same spirit as in Theorems 1.1 and 1.4. The key ingredients are semiclassical trace formula and Egorov's theorem. The former requires to treat symbols in a more general class other than C ∞ ones independent of h. The latter, connecting time evolution of classical observables (the symbol a in T * M) and quantum observables (semiclassical pseudodifferential operator Op h (a) on L 2 (M)), also concerns symbols depending on h. Such correspondence is valid up to the Ehrenfest time T E ≈ | log h|. In the process, we trace all the dependence on h.
Thus, δ-quantum ergodicity is reduced to estimating the time-average of the quantum observable, which is controlled by the time-average of its principal symbol. Liverani [Liv] 's exponential decay of correlations then can be used to give a quantitative estimate on the time-average of the symbol in terms of its Hölder norm. By properly choosing the symbol a b z 0 , we can prove the results in Theorems 1.5 and 1.6. Since the Ehrenfest time T E is of order | log h|, we can only select such symbols with Hölder norm of order | log h| −α for some α > 0. This is essentially the reason why we have logarithmically shrinking rates.
We organize this paper as follows. In Sections 2 and 3, we review semiclassical analysis and geodesic flows, respectively. The emphasis is the results on the δ-microlocalized symbols. In Section 4, we prove the statements in Theorem 1.5. In Section 5, we prove Corollary 1.7 and point out some further investigation on δ-quantum ergodicity, particularly on Question 1.3.
A note on the previous works. Besides the above mentioned previous results on quantum ergodicity, there are other exciting development in this area recently. We refer to Zelditch [Ze3] and Sarnak [Sa2] for its current stage.
Semiclassical analysis
In this section, we review semiclassical analysis that will be used to prove δ-quantum ergodicity. Most of the notations and facts below are fairly standard. We refer to Zworski [Zw] for a complete treatment in this subject. However, our exposition specially treats the symbols defined in (1.7).
2.1. Phase space. M can be an open set in R n or a compact Riemannian manifold. An element, called a state, in the cotangent bundle T * M is denoted as z = (x, ξ) with x ∈ M and ξ ∈ T * x M. The canonical symplectic form is ω and the Liouville volume form
if and only if for each compact set K ⊂ M and each multi-indices α, β, there exists a uniform constant C α,β,K independent of h such that sup
(3) If a has compact support which satisfies the above estimate, we say that a ∈ S
These classes are independent of the choice of coordinates in M. Moreover, the seminorms | · | α,β,K in S ρ (M) is defined by the best constant C α,β,K that can be used in the above inequality. In this paper, when we say a ∈ C ∞ (T * M), we mean that a is independent of h.
Consider the δ-microlocalized symbols defined by (1.7),
2.3. Quantizations in R n . Every classical observable a in the phase space T * R n corresponds to a quantum observable Op h (a) as a semiclassical pseudodifferential operator acting on L 2 functions in R n .
Definition (Semiclassical Fourier transform). For u ∈ S(R n ), we define the semiclassical Fourier transform F h (u) as
and its inverse
These definitions can be extended to S ′ (R n ) by duality.
h acts on the η variable. On the other hand, if
(2.1) Here, F h acts on the w variable. We call σ 0 (A), σ W (A) := σ 1/2 (A), and σ 1 (A) the left, Weyl, and right symbols of A.
In order to treat more general classes of symbols, we consider the anti-Wick quantization.
Definition (Coherent states). Given z = (y, η) ∈ T * R n , we define the coherent state at z as
− n 2 will become clear in the following discussion. Φ z is a wave-packet centered around z = (y, η) ∈ T * R n with mass concentrating in B(z, √ h) ⊂ T * R n . This is also the maximal possible isotropic concentration by the uncertainty principle.
There are several reasons to choose anti-Wick quantization over Weyl quantization in our investigation of δ-quantum ergodicity:
(1) Op W h (a) is not positive. In fact, sharp Gärding inequality of Fefferman-Phong yields that there exists c > 0 such that
and a ≥ 0; while anti-Wick quantization is positive:
The symbolic computation of Weyl quantization can not be carried out for "exotic" symbols, e.g. S m ρ for ρ > 1/2. However, anti-Wick quantization allows to consider such singular symbols (and more general ones). The simplest example is
(3) Weyl quantization uses the expansion of u in terms of plane waves e iy·η/h ; while anti-Wick quantization expands u in the coherent states (i.e. wave-packets) Φ z 's concentrating around points in T * R n . In the δ-quantum ergodicity, Theorem 1.5, the symbol a b z 0 shrinks down to the point z 0 ∈ S * M. Hence, the pointwise behavior around a b z 0 is crucial. From (2), one is able to treat such pointwise behavior using anti-Wick quantization. In particular, as shrinking rate δ(h) approaches √ h, whether z 0 is on a periodic trajectory starts to play a decisive role, c.f. Paul and Uribe [PU] .
Connection between anti-Wick and Weyl quantizations. Let
where
dy.
Using [Zw, Theorem 4 .20], we derive that
Therefore, the anti-Wick and Weyl quantisations agree modulo lower order terms. This also justifies our normalisation in the coherent states. One can assign a Weyl symbol W z (x, ξ) to the operator
The kernel for such operator is
.
Using (2.1),
Remark. There is also an intimate relation between anti-Wick quantization and FBI (FourierBros-Iagolnitzer) transform. We however do not need this fact and therefore do not explore it here. See [Zw, Chapter 13] for more information on FBI transform.
Quantization in M.
We now define the algebra Ψ The usual operations involving semiclassical pseudodifferential operators are as follows. Let
where {·, ·} stands for the Poisson bracket defined by {a, b} = ∂a ∂x ∂b ∂ξ − ∂a ∂ξ ∂b ∂x .
Semiclassical measures.
For each eigenfunction u j of h 2 ∆, we define the Husimi distribution associated with u j as
Therefore, the distribution W j is a microlocal lift of the probability measure |u j | 2 dx in M to the phase space T * M. We see that W j depends on local coordinates and certain quantization (anti-Wick, Weyl, etc). However, as h → 0, the asymptotic behavior of W j is independent of such choices. We define the semiclassical measures as the limit points of {W j }. Since
x − E j . Then from [Zw, Theorems 5.3 and 5 .4], we have Theorem 2.1. Let 0 < c 1 < c 2 < ∞. Then any semiclassical measure as a limit point of
and is invariant under the geodesic flow G t .
In particular, the semiclassical measures for E j ∈ [1, 1 + h] is supported on the energy layer S * M. From this point of view, quantum ergodicity studies the impact of geodesic flow G t on the semiclassical measures. Theorem 1.4 asserts that if G t is ergodic on S * M, then the Husimi distributions W j , E j ∈ [1, 1 + h], converge to the Liouville measure µ 1 on S * M in Cesàro summation. The symbols there are in C ∞ (T * M) and the convergence is independent of the choice of quantizations. However, to discuss the pointwise behavior of W j , one needs to use symbols in more general classes. The extreme case would be taking the symbol
Note that the symbol a z 0 is exotic, we have to use anti-Wick quantization here.
2.6. Egorov's theorem. The geodesic flow
in which H(x, ξ) = |ξ| x . Then the time evolution of a classical symbol a satisfies
where {H, a} is the Poisson bracket. The quantum time evolution of Op h (a) is associated with the unitary Fourier integral operator U(t) = e
−it √
∆ , called the Schrödinger propagator. Egorov's theorem states that the conjugation of Op h (a) with U(t) as the quantum time evolution can be approximated by the quantization of a • G t , Op h (a • G t ), within finite time:
Such correspondence connects the classical observable a and the quantum observable Op h (a) under time evolution. Precisely, if a ∈ S(M) and |t| ≤ T < ∞, then
, by semiclassical trace formula we evaluate 1
We use anti-Wick quantization, 1
Recall that W z (x, ξ) is the Weyl symbol of the operator defined in (2.3). We need the following result by [PU, Proposition 1.3] . Proposition 2.2.
• If z = (y, η) ∈ T * M is not on any periodic trajectory, then
(2.5)
Remark. From the discussion in §2.5,
captures the pointwise behavior of the Husimi distribution W j associated with u j . Notice that
using (2.4). Therefore, the above proposition states that if z = (y, η) ∈ T * M is not on any periodic orbit, then the average of W j at z in the spectral window [1, h] tends to the integral of Weyl symbol of Φ z on S * M; and the leading term is completely determined by µ 1 (W z ). However, if z = (y, η) ∈ T * M is on a periodic trajectory, then the leading term is not completely determined by Φ z .
Using Proposition 2.2, we prove

Theorem 2.3 (Semiclassical trace formula). Let
Remark. Theorem 2.3 is an integral version of Proposition 2.2, and reduces to the latter if we formally choose the symbol a = δ z . Comparing the two statements, we see that the leading term on the right-hand side of Theorem 2.3 is completely determined by
). This is from the assumption that almost all the points on S * M are not periodic, the second case in Proposition 2.2 disappears in the integral. A geometric explanation is that one can decompose u j into wave-packets Φ z , and in the semiclassical trace formula, only the coherent states Φ z corresponding to non-perodic points on S * M contribute to the integral.
, we may assume that A is compactly supported in a patch of M where the Riemannian volume coincides with the Lebesgue measure in the local
Here, we use the fact that the measure of the set of periodic points on S * M is zero, then we only need to consider the non-periodic contribution (2.5) in the integration. Thus, by dominating convergence theorem,
because if we set z = (y, η) and z 1 = (x, ξ), then
The theorem hence follows by noting that σ(A) is unique modulo O A (h 1−2ρ ).
Geodesic flows in negatively curved manifolds
In this section, we gather some facts on the geodesic flow G t in a negatively curved manifold (M, g). Recall that H(x, ξ) = |ξ| x . G t is Anosov on S * M, that is, the tangent bundle T S * M splits into G t -invariant sub-bundles
Here, E u and E s are the unstable and stable subspaces, respectively. They are defined by
is the differential, and · is the norm defined in T * M (e.g. by the Sasaki metric, c.f. [B] ). The sub-bundles are integrable and induce stable and unstable foliations. We refer to Katok and Hasselblatt [KH] for background. The maximal expansion rate of G t , i.e. the maximal Lyapunov exponent, is defined by
in which · is the matrix norm (i.e. its largest eigenvalue).
3.1. Egorov's theorem until the Ehrenfest time. In a negatively curved manifold (M, g), we use the above information on its geodesic flow to describe the long-time evolution a • G t of the classical observable a and its quantum long-time evolution in the Egorov's theorem. See Bouzouina and Robert [BR] in a more general setting.
By homogeneity of G t , the maximal rate expansion rate in E is still l max . Hence, one has from [AN, §5.2 
If ǫ ∈ [0, 1/2 − ρ), setting
This means that a • G t ∈ S comp ρ+ǫ (M) if |t| ≤ ǫT E . Since ρ + ǫ ∈ [0, 1/2), a • G t is still in a nice symbol class. We call T E the Ehrenfest time. Then Egorov's theorem in §2.6, connecting the time evolution of a classical observable a and its quantum counterpart Op h (a), can be extended to more general symbols until Ehrenfest time. See [A, Theorem 4.2.4] . 
as h → 0.
3.2. Rate of ergodicity. In a negatively curved manifold (M, g), the geodesic flow G t on S * M is Anosov, hence is ergodic with respect to the Liouville measure µ 1 . Let f ∈ L 2 (S * M). Define the time-average of f as
Then the von Neumann mean ergodic theorem states that
To get a more quantitative version of the above convergence, we need the exponential decay of correlations from [Liv, Corollary 2.5 
]:
Theorem 3.2 (Exponential decay of correlations). For each γ ∈ (0, 1), there exist c, C > 0 depending on γ such that for each f, g ∈ C γ (S * M),
Here, f γ is the Hölder norm of a function f ∈ C γ (S * M), the space of Hölder continuous functions on S * M. From this result we derive the following theorem.
Theorem 3.3 (Rate of ergodicity). Let γ ∈ (0, 1) and f ∈ C γ (S * M). There exist C > 0 depending on γ such that,
Proof of Theorem 3.3. Without loss of generality, we may assume that µ 1 (f ) = 0. Compute that
and the theorem follows.
4. Proofs of Theorem 1.5
In this section, we consider the δ-microlocalized symbols defined in (1.7):
. Because φ has small support around 0, say in (−1/2, 1/2),
by Theorem 2.3.
From (4.1) we have
The theorem evidently follows when α = 0 and β = 1. If
from the assumption, we derive that
Here, 1 − 2ρ − 2ǫ > 0 since ρ ∈ (0, 1/2) and ǫ ∈ [0, 1/2 − ρ). (In fact, this condition is already needed in the beginning of the proof as a
Notice that the rate of ergodicity in Theorem 3.3 is valid for all γ ∈ (0, 1). Hence, for 0 ≤ β < 1 − 2α(2n − 1), one can find γ ∈ (0, 1) such that
The theorem thus follows since (4.2) is uniform for z 0 ∈ S * M. (2). If µ 1 (a b z 0 ) = 0, i.e. the symbol has non-zero mean on S * M, then
Proof of Corollary 1.7.
(1). Let δ(h) = | log h| −α . We select a maximal disjoint family of geodesic balls {B(
where c 1 > 0 only depends on M. Also, the following statements are valid. For a proof, see e.g. [CM, Lemma 2].
• {B(
B(x i , δ(h)).
• Each point x ∈ M is contained in at most c 2 balls among {B(
where c 2 > 0 only depends on M.
where c 3 > 0 only depends on M.
• Each ball B(x, δ(h)) ⊂ M contains at least one ball among {B(
(2). Let x i be one of the centers of the balls selected in Step (1). From Theorem 1.6,
as h → 0, where 0 ≤ β < 1 − 2αn. Forβ > 0, write
Hence,
Thus, if αn + 2β − β < 0, then
as h → 0 by Weyl's law. Note that if β − αn > 0, then there existsβ > 0 such that
But this just means that α < 1/(3n) since 0 ≤ β < 1 − 2αn. The case when α = 0 and β = 1 is automatically true.
for some 0 <β < (β − αn)/2, and is uniform for all x i , i = 1, ..., N(h).
(3). For each x i , we can assume that x i is in a patch of M where the Riemannian volume coincides with the Lebesgue measure in the local coordinates B(0, 2) ⊂ R n . (This assumption is completely harmless since the support of a 0, 2) ). Recalling the symbol
and µ 1 (a
Hence, from
Step (2)
for someβ > 0, and is uniformly for x i , i = 1, ..., N(h).
• Choose b 1 > 0 and
if j ∈ Γ b 1 (h) and 0 < h ≤ h 1 , and is uniform for x i , i = 1, ..., N(h). From Step (1), each B(x, δ(h)) is covered by at most c 3 balls among {B(
, where c 3 only depends on M. Hence, for each B(x, δ(h)) ⊂ M,
if j ∈ Γ b 1 (h) and 0 < h ≤ h 1 , and is uniform for x ∈ M.
• Choose b 2 > 0, supp b 2 ∈ B(0, 1/3) ⊂ R n , and b 2 = 1 in B(0, 1/6) ⊂ R n . Then (5.2) implies that there is a positive constant h 2 ≪ 1 such that
if j ∈ Γ b 2 (h) and 0 < h ≤ h 2 , and is uniform for x i , i = 1, ..., N(h). From Step (1), each B(x, δ(h)) contains at least one ball among {B(x i , δ(h)/3)} N (h) i=1 . Hence, for each B(x, δ(h)) ⊂ M, B(x,δ(h)) |u j (x)| 2 dVol ≥ C b 2 Vol (B(x, δ(h) ).
if j ∈ Γ b 2 (h) and 0 < h ≤ h 2 , and is uniform for x ∈ M. Let h 0 = min{h 1 , h 2 } and Γ(h) = Γ b 1 (h)∩Γ b 2 (h). We have that if 0 < h ≤ h 0 and j ∈ Γ(h), then cVol (B(x, δ(h) Further investigations.
• Periodic and non-periodic points. The results in Theorems 1.5 and 1.6 are independent of whether the point (x 0 , ξ 0 ) ∈ S * M and x 0 ∈ M are on a periodic trajectory or not. But the geodesic flow displays very different properties around periodic points and non-periodic points. This is reflected in Proposition 2.2 from [PU] , where the average of the semiclassical measures at z ∈ T * M is different in the leading term. However, one has to use more delicate information on the dynamical system (S * M, G t ) to get qualitative results in its quantum counterpart.
• Different shrinking rates in x and in ξ. Comparing the symbols that we used in Theorems 1.5 and 1.6, the former one has the same shrinking rates in x ∈ M and in ξ ∈ S * x M, while the latter only shrinks in x ∈ M, and has a slightly better shrinking rate. So generally, one can localize better in x than in ξ without violating the uncertainty principle. Moreover, the pointwise version of the Weyl's law
holds for all x ∈ M. See also Christianson, Hassell and Toth [CHT] , in which they used up to h 2 3 localization in one direction to estimate the Neumann restriction bound of eigenfunctions. These evidence suggests that better localization in x ∈ M (or in ξ) is feasible, e.g. to consider symbols as a b x 0 (x, ξ; h) = h −nρ b x − x 0 h ρ φ |ξ| x − 1 , ρ ∈ (0, 1).
• Manifolds with constant curvature or arithmetic hyperbolic manifolds. The main tool we used from dynamical system is the exponential rate of correlation (3.1) by Liverani [Liv] . His result, however, is on general contact Anosov flows. In Theorem 3.3, the rate of ergodicity is proved to be controlled by the Hölder norm. Its improvement may lead to better localization in Theorems 1.5 and 1.6. One expects that this can be done in manifolds with constant curvature or arithmetic hyperbolic manifolds, in which cases there are group symmetry or number theoretic results to explore.
